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Abstract. We prove optimality of tilings of the flat torus by regular hexagons,
squares, and equilateral triangles when minimizing weighted combinations of perime-
ter and number of vertices. We similarly show optimality of certain tilings of the 3-
torus by polyhedra from among a selected candidate pool when minimizing weighted
combinations of interface area, edge length, and number of vertices. Finally, we pro-
vide numerical evidence for the Log Convex Density Conjecture.
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1 Introduction
In 2001, Thomas C. Hales [1] proved the Honeycomb Conjecture, which says that regular
hexagons provide the least-perimeter unit-area way to tile the plane or a flat torus. We
seek tilings that minimize the sum of its perimeter and some constant λ multiplied by the
number of its vertices. Our main theorem (Theorem 3.10) says that for the case of polygonal
or monohedral tilings, except for a small interval of λ from about .09 to about .19, optimal
tilings are provided by regular hexagons, squares, or equilateral triangles, as in Figure 1.
On that small interval we were not able to rule out tilings including irregular pentagons,
although the conjectured best pentagonal tilings, as shown in Figure 2, are always worse
than square or regular hexagonal tilings (see Sect. 4). Our upcoming paper [2] will prove
that these are the best tilings by convex pentagons.
We also seek 3D polyhedral tilings minimizing a weighted combination of interface area,
edge length, and number of vertices. Our Theorem 5.17 says that from a select pool of
candidates, the polyhedra with the lowest cost are the truncated octahedron, the rhombic
dodecahedron, the cube, the triangular prism, and a combination of irregular and regular
tetrahedra, as in Figures 3 and 4.
Finally, using Mathematica and Brakke’s Surface Evolver [11], we provide numerical ev-
idence for the Log Convex Density Conjecture, which states that balls around the origin are
isoperimetric if the density is radial and its logarithm is convex.
For convenience, we study tilings of flat tori, equivalent to periodic tilings of the plane
or space. Actually, any tiling can be approximated by a periodic tiling by repeating a big
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Figure 1: Optimal tilings for ranges of the vertex penalty λ. [9]
Figure 2: Conjectured best pentagonal tilings, which tie for all values of the vertex penalty
λ. [9]
chunk of it, but we do not get into the details of that (see e.g. [3], 15.3).
Proofs 1.1. To prove our characterization (Theorem 3.10) of optimal polygonal tilings of a
torus, we first show that the cost of an irregular n-gon is greater than that of a regular n-gon.
For large vertex penalty λ the equilateral triangle is best, then the square, then the regular
pentagon (which does not tile), then the regular hexagon, then the higher n-gons (which also
do not tile). By Hales’s Theorem we can eliminate the higher n-gons. The interval where
regular pentagon tilings would be best remains open.
For monohedral tilings, we find an associated tiling by immersed polygons, which we
then compare to the desired tilings by regular polygons. To find the best 3D polyhedral
tilings from our candidate pool (Thm. 5.17), we compute the area, edge-length, and vertex
contributions and compare them.
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Figure 3: In our select pool of polyhedral tilings, the first five are minimizers for certain
weightings of number of vertices and the edge length. [9] [10]
Road Map 1.2. In Section 2 we provide an overview of some concepts and definitions
used throughout the remainder of our paper. In Section 3, we investigate tilings on a flat
torus. This section contains our main theorem, Theorem 3.10, which shows that, for mono-
hedral or polygonal tilings, the optimal tilings are provided by regular hexagons, squares,
or equilateral triangles, except for a small interval of λ where we could not rule out tilings
by regular pentagons. In Section 4, we attempt to rule out regular pentagons. We present
the conjectured perimeter-minimizing pentagon tiles, and rule out some kinds of pentagonal
tilings. Then, in Section 5, we explore tilings of a 3-torus minimizing a weighted combination
of number of vertices, perimeter, and surface area by comparing polyhedral tiles from a can-
didate pool. Finally, Sections 6 and 7 are devoted to other isoperimetric problems: Section
6 considers the isoperimetric problem in planes with various area and perimeter densities,
while Section 7 provides numerical evidence for the Log Convex Density Conjecture.
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Figure 4: Optimal tilings from our pool for various weightings of edge length β and interface
area γ for unit weighting on the number of vertices. [9]
2 Background
We provide here some standard concepts and definitions used throughout our paper.
Definition 2.1. A flat 2-torus is a planar parallelogram with opposite sides identified. A
cubic 3-torus is a cube in R3 with opposite faces identified.
Definition 2.2. A polygon in R2 or a flat two-dimensional torus is finitely many line seg-
ments called edges meeting pairwise at endpoints called vertices, and bounding an embedded
disc called a polygonal region. It follows that every polygon has at least three edges and
bounds a disc of positive area. A curvilinear polygon is finitely many embedded curves of
finite length called edges meeting pairwise at endpoints called vertices, and bounding an
embedded disc; we also allow a single curve with coincident endpoints at a single vertex.
It follows that every curvilinear polygon has at least one edge and at least one vertex and
bounds a disc of positive area. Occasionally we will consider an “immersed polygon” whose
(straight) edges may intersect each other, and which, as an oriented curve, is the boundary
of a nonnegative number of discs with integer multiplicities.
For polygonal tilings, a vertex is the endpoint of an edge. For curvilinear tilings, a vertex
is the meeting point of three or more regions.
In R3 or a flat three-dimensional torus we consider only classical (flat-faced) polyhedra
bounding embedded balls called polyhedral regions.
A tiling of R2 or a flat two-dimensional torus is a decomposition of the surface as a union
of polygonal regions or curvilinear polygonal regions which intersect only along entire edges.
A tiling of R3 or a flat three-dimensional torus is a decomposition as a union of polyhedral
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regions which intersect only along entire faces, which in turn intersect only along entire
edges.
We also use the concept of a convex function extensively in our proofs for tilings of the
flat torus.
Definition 2.3. A function f : X → R where X is an interval in R is convex if given two
points x1 and x2 ∈ X and any t ∈ (0, 1):
f(tx1 + (1− t)x2) ≤ tf(x1) + (1− t)f(x2).
A function is strictly convex if it is convex and the inequality is never an equality.
Note that if the function is smooth, convexity is equivalent to the second derivative being
nonnegative.
3 Tiling the Flat Torus
Our main Theorem 3.10 proves that the cost ratio (see Definition 3.1) of every monohedral
or polygonal tiling of a flat torus is greater than or equal to the cost of an appropriate
regular n-gon, depending on the weighting of the vertex penalty. First, Lemma 3.3 shows
that regular n-gons minimize the cost functional. Second, Propositions 3.5-3.8 use convexity
(Lem. 3.4, Figs. 6-8) to determine which regular n-gon minimizes cost for which values of
the vertex penalty. Eliminating higher n-gons for the case of small vertex penalty (Lem.
3.5) requires Hales’s theorem on the case of zero vertex penalty.
Definition 3.1. For fixed vertex penalty λ ≥ 0, the cost ratio of a tiling of the flat torus
using N regions of unit areas is
p+ λv
N
,
where p is the total perimeter of the tiling and v is the number of vertices of the tiling. The
cost of a region is
P
2
+
λ
∑
θ
2pi
,
where θ is the measure of an interior angle and P is the perimeter of the region. In particular,
the cost of an n-gon is
P
2
+
λ(n− 2)
2
.
The perimeter contribution is
P
2
,
where P is the perimeter of the region. The vertex contribution is∑
θ
2pi
;
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in particular the vertex contribution of an n-gon is
(n− 2)
2
.
We first show that the cost ratio of a tiling is the average of the costs of all regions in the
tiling. This will allow us to show that, if a particular polygon has cost less than or equal to
the cost of any other n-gon for some λ, then, for the same λ, the cost ratio of every polygonal
tiling of the flat torus will be greater than or equal to the cost of that polygon.
Proposition 3.2. In any tiling of a flat torus, the cost ratio of the tiling is the average of
the costs of all regions in the tiling.
Proof. For N regions Ri, the average of the costs is given by
1
N
N∑
i=0
(
1
2
PRi +
λ
2pi
∑
Ri
θ
)
,
where PRi is the perimeter of the region Ri. Since the angles at a vertex sum to 2pi and each
edge is shared by two regions, this equals
p+ λv
N
,
which is the cost ratio of the tiling.
We next show that regular n-gons are cost minimizing, and provide an equation for their
cost. Note that this is essentially the isoperimetric problem for n-gons with a weight on
the number of vertices. We will then show that the equation for cost is strictly convex by
proving that the second derivative is positive. Thus, if a particular regular n-gon has cost
less than a regular (n + 1)-gon and a regular (n − 1)-gon, it will have cost less than every
other regular n-gon.
Lemma 3.3. A cost-minimizing unit-area polygon is a regular n-gon of cost
C =
√
n tan
pi
n
+
λ(n− 2)
2
.
As the vertex penalty λ decreases, the optimal n increases from 3 to infinity as in Figure
5.
Proof. By Definition 3.1 the cost of any n-gon is C = P/2 + λ(n − 2)/2. For fixed n, cost
is minimized when perimeter P is minimized, thus among all n-gon for fixed n, the regular
n-gon is cost minimizing. Thus, the cost-minimizing polygon must be a regular n-gon.
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Figure 5: The cost-minimizing regular n-gon for enclosing a given area for different values
of λ. For all values of λ not shown, the cost-minimizing polygon is the equilateral triangle.
The area A of a simple regular n-gon is given by the equation:
A =
1
4
ns2 cot
pi
n
,
where s is the length of one side of the n-gon. Setting A = 1 and solving for s we obtain:
s =
√
4
n
tan
pi
n
.
Since the perimeter is just the sum of the length of the sides, and all regular polygons have
sides of equal length,
P = ns = n
√
4
n
tan
pi
n
=
√
4n tan
pi
n
.
Thus the cost of a cost-minimizing unit-area polygon is a regular n-gon of cost
C =
√
4n tan pi
n
2
+
λ(n− 2)
2
=
√
n tan
pi
n
+
λ(n− 2)
2
as desired.
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Proposition 3.4. For fixed λ, the cost of a regular n-gon is a strictly convex function of n
for n ≥ 3.
Proof. By Lemma 3.3 the cost of a regular n-gon is:
C(n) =
√
n tan
pi
n
+
λ(n− 2)
2
.
Let
f(n) = n tan
pi
n
,
and
t(n) = tan
pi
n
.
Since tangent is positive on the interval (0, pi/3], both f and t are positive for all n ≥ 3.
Then f(n) = nt(n). Taking the derivative of t(n), we get
t′(n) =
−pi
n2
sec2
pi
n
=
−pi
n2
(
1 + tan2
pi
n
)
=
−pi
n2
(1 + t2).
Then, taking the derivative of f(n),
f ′(n) = t+ nt′ = t+ n
−pi
n2
(1 + t2) = t− pi
n
(1 + t2) = −pi
n
t2 + t− pi
n
.
Then, taking the second derivative,
f ′′(n) =
(
−pi
n
t2
)′
+t′−
(pi
n
)′
= −pi
n
2tt′+
pi
n2
t2+t′+
pi
n2
=
2pi2
n3
(t+t3)+
pi
n2
t2+
−pi
n2
(1+t2)+
pi
n2
=
2pi2
n3
t3 +
pi
n2
t2 − pi
n2
t2 +
2pi2
n3
t− pi
n2
+
pi
n2
=
2pi2
n3
t3 +
2pi2
n3
t.
Now, returning to the cost of a regular n-gon,
C(n) = f(n).5 +
λ(n− 2)
2
= f(n).5 +
λn
2
− λ
C ′(n) = .5f(n)−.5f ′(n) +
λ
2
C ′′(n) = −.25f(n)−1.5f ′(n)2 + .5f(n)−.5f ′′(n).
Multiplying by 4f 1.5, we get
g(n) = −f ′(n)2 + 2f(n)f ′′(n).
Since f(n) > 0 for all n ≥ 3, 4f 1.5 > 0 for all n > 3, and thus C ′′(n) = g(n)/4f 1.5 for n ≥ 3.
Thus if g(n) > 0, C ′′(n) > 0 for n ≥ 3.
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Now we just need to prove g(n) > 0 for n ≥ 3. This is equivalent to proving 2f(n)f ′′(n) >
f ′(n)2 for n ≥ 3.
2f(n)f ′′(n) = 2nt
(
2pi2
n3
t3 +
2pi2
n3
t
)
=
4pi2
n2
t4 +
4pi2
n2
t2.
The derivative of tan(x) is sec2(x), which, since |cos(x)| ≤ 1 for all x, is greater than or
equal to one on its domain. tan(0) = 0, and tangent is continuous and differentiable on the
interval (0, pi/3] thus tan(x) ≥ x for all x ∈ (0, pi/3]. Thus t(n) = tan(pi/n) ≥ pi/n for all
n ≥ 3. Then:
f ′(n) = −pi
n
t2 + t− pi
n
≥ −pi
n
t2 +
pi
n
− pi
n
= −pi
n
t2.
Note that f ′(n) is negative for all n ≥ 3, thus |f ′(n)| ≤ pi
n
t2, thus f ′(n)2 ≤ pi2
n2
t4. Recall
that t is positive for all n ≥ 3. Thus
2f(n)f ′′(n) =
4pi2
n2
t4 +
4pi2
n2
t >
4pi2
n2
t4 >
pi2
n2
t4 ≥ f ′(n)2.
Thus 2f(n)f ′′(n) > f ′(n) for all n ≥ 3. Thus g(n) > 0 for all n ≥ 3, thus C ′′(n) > 0 for all
n ≥ 3. Thus C(n) is a strictly convex for all n ≥ 3.
Remark. Triangles, squares, and hexagons provide doubly periodic tilings of the plane (tilings
which repeat themselves in two directions) and hence of many flat tori. A doubly periodic
tiling of the plane can tile every torus whose fundamental parallelogram is generated by
vectors of periodicity of the planar tiling.
Remark. The cost of an equilateral triangle is 33/4 + .5λ. Likewise, the cost of a square is
2 + λ, and the cost of a regular hexagon is 4
√
12 + 2λ.
We will now provide, for all values of λ, a regular n-gon with cost less than or equal to
the cost ratio of any polygonal unit-area tiling. Since cost is a convex function, we know that
if a particular regular n-gon has lower cost than both a regular (n + 1)-gon and a regular
(n− 1)-gon, it has lower cost than all regular n-gons. Then, since regular n-gons have lower
cost than nonregular n-gons, this particular regular n-gon would have cost less than or equal
to all other polygons. Then, using Proposition 3.2, we can say that this n-gon has cost less
than or equal to the cost ratio of any polygonal unit-area tiling. From Thomas Hales [1],
we know that regular hexagons have the least perimeter, so once λ is sufficiently small that
regular hexagons have lower cost than regular pentagons, regular hexagons will have cost
less than or equal to the cost of any polygonal tiling. We then find the ranges of λ for which
regular pentagons and squares are optimal. Finally, there are no n-gons such that n < 3, so
once λ is sufficiently high that equilateral triangles have lower cost than squares, equilateral
triangles will have cost less than or equal to the cost ratio of any polygonal unit-area tiling.
Proposition 3.5. When λ ≤ 2√5 4
√
5− 2√5 − 2√2 4√3 ≈ 0.09, every polygonal unit-area
tiling on a torus has a cost ratio greater than or equal to the cost of a regular hexagon.
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Proof. When λ = λ2 = 2
√
5
4
√
5− 2√5 − 2√2 4√3, the cost of the regular pentagon equals
the cost of the regular hexagon and is less than both the cost of the regular heptagon and
the cost of the square. Then, by convexity (Proposition 3.4), the cost of the regular hexagon
is less than the cost of any other regular n-gon (see Fig. 6) at λ = λ2. Then by Lemma
3.3, when λ = λ2, the regular hexagon has cost less than or equal to the cost of every other
n-gon. Then, by Proposition 3.2, the cost ratio of every tiling of the flat torus must be
greater than or equal to the cost of the regular hexagon.
When λ = 0, by Hales [1], the cost ratio of every tiling of the flat torus is greater than or
equal to the cost of the regular hexagon. Now for any λ between 0 and λ2, the cost of any
tiling is greater than or equal to the cost of the regular hexagon, because the cost is linear
in λ.
Proposition 3.6. When 0.09 ≈ 2√5 4
√
5− 2√5−2√2 4√3 ≤ λ ≤ 4−2√5 4
√
5− 2√5 ≈ 0.19,
every polygonal unit-area tiling on a torus has a cost ratio greater than or equal to the cost
of a regular pentagon.
Proof. When λ = λ1 = 4 − 2
√
5
4
√
5− 2√5, the cost of the square equals the cost of the
regular pentagon and is less than the cost of the regular hexagon. The unit square’s perime-
ter is more than the unit regular pentagon’s. Hence, when λ ≤ λ1, the cost of the reg-
ular pentagon is less than or equal to the cost of the square by Proposition 3.7. When
λ = λ2 = 2
√
5
4
√
5− 2√5 − 2√2 4√3, the cost of the regular hexagon equals the cost of the
regular pentagon and is less than the cost of the square. The regular pentagon’s vertex
contribution (3/2, see Definition 3.1) is less than the regular hexagon’s (4/2 = 2). Thus,
when λ ≥ λ2, the cost of the regular pentagon is less than or equal to the cost of the regular
hexagon.
Then, by convexity (Proposition 3.4), the cost of the regular pentagon is less than the
cost of any other regular n-gon (see Fig. 6) for λ2 ≤ λ ≤ λ1. Then by Lemma 3.3, when
λ2 ≤ λ ≤ λ1, the regular pentagon has cost less than or equal to the cost of every other
n-gon. Then, by Proposition 3.2, the cost ratio of every tiling of the flat torus must be
greater than or equal to the cost of the regular pentagon.
Proposition 3.7. When 0.19 ≈ 4−2√5 4
√
5− 2√5 ≤ λ ≤ 2(33/4−2) ≈ 0.56 every polygonal
unit-area tiling of a flat torus has a cost ratio greater than or equal to the cost of a square.
Proof. When λ = λ0 = 2(3
3/4 − 2), the cost of the equilateral triangle equals the cost of the
square and is less than the cost of the regular pentagon. The perimeter of a unit triangle
is more than that of a unit square. Hence, by Proposition 3.8 when λ ≤ λ0, the cost of the
square is less than or equal to the cost of the equilateral triangle.
When λ = λ1 = 4− 2
√
5
4
√
5− 2√5, the cost of the square equals the cost of the regular
pentagon and is less than the cost of the equilateral triangle. The square’s vertex contribution
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Figure 6: Graph of the cost of each regular polygon when λ = 2
√
5
4
√
5− 2√5− 2√2 4√3
(2/2 = 1, see Def. 3.1) is less than the regular pentagon’s (3/2). Thus, when λ ≥ λ1, the cost
of the square is less than or equal to the cost of the regular pentagon. Hence, by convexity
(Prop. 3.4), the cost of the square is less than the cost of any other regular n-gon (see Fig.
7) for λ1 ≤ λ ≤ λ0. Therefore by Lemma 3.3, when λ1 ≤ λ ≤ λ0, the square has cost less
than or equal to the cost of every other n-gon. Finally, by Proposition 3.2, the cost ratio of
every tiling of the flat torus must be greater than or equal to the cost of the square.
Proposition 3.8. When λ ≥ λ0 = 2(33/4 − 2) ≈ 0.56, every polygonal unit-area tiling of a
flat torus has a cost ratio greater than or equal to the cost of a equilateral triangle.
Proof. When λ = λ0 = 2(3
3/4 − 2), the cost of the equilateral triangle equals the cost of
the square. The triangle’s vertex contribution (1/2, see Def. 3.1) is less than the square’s
(2/2 = 1). Hence, when λ ≥ λ0, the cost of the equilateral triangle is less than or equal to
the cost of the square, and, by convexity (Prop. 3.4), the cost of any other regular n-gon
(see Fig. 8). Therefore by Lemma 3.3, when λ ≥ λ0, the equilateral triangle has cost less
than or equal to the cost of every other n-gon. Finally, by Proposition 3.2, the cost ratio
of every tiling of the flat torus must be greater than or equal to the cost of the equilateral
triangle.
We show that the convex hull of an immersed pentagon has perimeter less than or equal
to the length of the immersed polygon. We use this fact to prove that monohedral tilings
have cost less than or equal to the cost of a tiling by the convex hulls of the tiles after each
tile has had its non-straight edges replaced with straight ones. This allows us to give lower
bounds for monohedral unit-area tilings of a flat torus in terms of regular polygons. The
same bounds for polygonal unit-area tilings follow directly from Propositions 3.8-3.5.
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Figure 7: When λ = 4− 2√5 4
√
5− 2√5, the square and regular pentagon tie in minimizing
cost.
Figure 8: When λ = 2(33/4 − 2), the equilateral triangle and square tie in minimizing cost.
Lemma 3.9. The convex hull of an immersed polygon has perimeter less than or equal to
the length of the immersed polygon.
Proof. The triangle inequality, as in Figure 9.
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Figure 9: The convex hull of an immersed polygon has less perimeter.
Theorem 3.10. Given nonnegative constant λ, every monohedral or polygonal unit-area
tiling of a flat torus has a cost ratio greater than or equal to
the cost of an equilateral triangle for λ ≥ 2(( 4√3)3 − 2) ≈ 0.56,
the cost of a square for 0.19 ≈ 4− 2√5 4
√
5− 2√5 ≤ λ ≤ 2(( 4√3)3 − 2) ≈ 0.56,
the cost of a regular pentagon for 0.09 ≈ 2√5 4
√
5− 2√5−2√2 4√3 ≤ λ ≤ 4−2√5 4
√
5− 2√5 ≈
0.19,
and the cost of a regular hexagon for λ ≤ 2√5 4
√
5− 2√5− 2√2 4√3 ≈ 0.09.
Proof. For polygonal tilings, the four conclusions follow from the four Propositions 3.8-3.5
respectively.
Consider a monohedral tiling. Replace all non-straight edges with straight lines. This
reduces the perimeter while maintaining the same area since the torus is still tiled by the
same number of identical regions. Unfortunately, these straight lines might in principle cross,
yielding immersed polygons, each bounding a number of discs with integer multiplicity. Since
the regions cover the torus, each, given multiplicity 1, must have an area of at least 1. By
Lemma 3.9, the convex hull of a region has no more perimeter as well as no less area. It
also has no more vertices and thus has no greater cost. By Lemma 3.3 the regular triangle,
square, pentagon, or hexagon has still less (or equal) cost.
We believe that tilings involving pentagons are never cost minimizing. We conjecture
that equilateral triangles, squares, and regular hexagons will provide a tight lower bound on
cost for all values of λ.
Conjecture 3.11. Given nonnegative constant λ, every monohedral or polygonal unit-area
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tiling on a flat torus has a cost ratio greater than or equal to:
the equilateral triangle cost for λ ≥ 2(33/4 − 2) ≈ 0.56,
the square cost for 0.14 ≈ 2−√2 4√3 ≤ λ ≤ 2(33/4 − 2) ≈ 0.56,
the regular hexagon cost for λ ≤ 2−√2 4√3 ≈ 0.14.
General tilings are more complicated, since if the tilings do not have to be monohedral
or polygonal, we can introduce curvilinear digons. For large λ, there exist such tilings with
lower cost than that of the equilateral triangle. We conjecture that squares and regular
hexagons will still provide a tight lower bound for λ ≤ 2(33/4 − 2) ≈ 0.56.
Figure 10: For large vertex penalty, an optimal curvilinear tiling could have just one vertex
on the torus.
Proposition 3.12. There are curvilinear unit-area tilings of flat tori with smaller cost ratio
than the cost of an equilateral triangle for large λ (See Figure 10).
Proof. Take a regular triangle tiling of a flat torus into regions of area 2.5. Replace each
edge with a digon that bulges out by area .5 into the two adjacent triangular regions. Then
all the regions in the new tiling have area 1. The average vertex contribution is smaller than
that of an equilateral triangle tiling, since each vertex is shared by twice as many regions.
Hence, for large λ, the average cost is less than the cost ratio of an equilateral triangle tiling,
and thus less than the cost of an equilateral triangle. Therefore, by Proposition 3.2, the cost
ratio of the tiling is less than the cost of an equilateral triangle.
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Conjecture 3.13. For a given area A and nonnegative constant λ, every tiling on a flat
torus using simply connected regions of equal area A has a cost ratio greater than or equal
to:
the minimum of the cost of the equilateral triangle and the cost ratio of all curvilinear
digon and triangle combinations for λ ≥ 2(33/4 − 2) ≈ 0.56,
the square cost for 0.14 ≈ 2−√2 4√3 ≤ λ ≤ 2(33/4 − 2) ≈ 0.56,
the regular hexagon cost for λ ≤ 2−√2 4√3 ≈ 0.14.
Another kind of curvilinear tiling we considered was based on the octagon-square tiling,
as shown in Figure 11. Although as shown, the squares and octagons do not have equal
area, we could bulge the squares out until this is a unit-area tiling which would be neither
monohedral nor polygonal. We were able to show not only that any such curvilinear octagon-
square tiling would have a cost ratio greater than the cost of a regular hexagon, but also
that any tiling of the flat torus by simply connected regions with average vertex contribution
greater than or equal to 2 has a cost ratio greater than the cost of a regular hexagon.
Proposition 3.14. Any tiling of the flat torus by simply connected regions with average
vertex contribution greater than or equal to 2 has a cost ratio greater than or equal to the
cost of the regular hexagon, with equality only for a regular hexagonal tiling.
Proof. The regular hexagon tiling uniquely has the lowest perimeter ratio of any tiling on a
flat torus by simply connected regions [1]; thus a regular hexagon uniquely has the lowest
perimeter contribution among all possible tiles. Since the sum of the perimeter contribution
and λ times the average vertex contribution is the cost ratio, any tiling of the torus with an
average vertex contribution greater than or equal to the vertex contribution of the regular
hexagon, 2, also must have a cost ratio greater than or equal to the cost of the regular
hexagon with equality only for a regular hexagonal tiling.
Corollary 3.15. For any nonnegative λ, a curvilinear combinatorial octagon-square tiling,
as in Figure 11, on a flat torus, has a cost ratio greater than the cost of a regular hexagon.
Proof. Each region in such an octagon-square tiling has 6 vertices on average, and each
surrounded vertex is shared by exactly 3 regions. Thus the average vertex contribution is
(6/3) = 2. By Proposition 3.14, an octagon-square tiling has a cost ratio greater than the
cost of a regular hexagon.
4 Pentagons
In this section we attempt to eliminate the pentagonal candidates for minimizing cost ratio in
Theorem 3.10. We first introduce a classification system (Defn. 4.1) and find two candidates
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Figure 11: Octagon-Square Tiling [9]
for a cost-minimizing pentagon tile. We then prove that a cost-minimizing pentagon tile
exists (Prop. 4.8), it must be convex (Cor. 4.10), and for the pentagon tiling to have lower
cost ratio than the regular hexagon or the square tiling, it must have no vertices of degree
less than 64.1o (Prop. 4.13). We conjecture that the least perimeter pentagon tiles are the
Cairo and the optimal prismatic pentagon tiles (Conj. 4.5), which we know never have lower
cost than the cost ratio of both the square and hexagon tilings (Props. 4.3, 4.4).
Definition 4.1. A Type-P tiling is a monohedral pentagonal tiling, such that every pentagon
has vertex degrees 3−3−3−4−4, in that order. A prismatic pentagonal tiling (Fig. 16) is a
Type-P tiling such that the prototile has two right angles, which meet in fours, and the two
acute angles adjacent to the right angles are of equal degree. A Type-C tiling is a monohedral
pentagonal tiling, such that every pentagon has vertex degrees 3− 4− 3− 4− 3. The Cairo
pentagonal tiling (Fig. 13) is a Type-C tiling with equal angles around each vertex and the
four sides adjacent to right angles equal. A Type-F tiling is a monohedral pentagonal tiling,
such that every pentagon has vertex degrees 3− 3− 3− 3− 6. The floret pentagonal tiling
(Fig. 19) is an example of a Type-F tiling. A Type-M tiling is a monohedral pentagonal
tiling, such that every pentagon has vertex degrees 3− 3− 3− 4− 4 or 3− 4− 3− 4− 3, and
there exist pentagons with each of those vertex degrees (Fig. 12, 7 & 9). A Type-Z tiling is a
monohedral pentagonal tiling, such that every pentagon has vertex degrees 3− 3− 3− 4− 4,
or 3 − 4 − 3 − 4 − 3, or 3 − 3 − 3 − 3 − 6, and there exist pentagons with at least one of
3− 3− 3− 4− 4, or 3− 4− 3− 4− 3, and there exist pentagons with 3− 3− 3− 3− 6. No
Type-Z tilings are known to exist.
Conjecture 4.2. All nondegenerate monohedral pentagonal tilings are either Type-P, Type-
C, Type-F, Type-M, or Type-Z.
Remark. We can classify the 14 known pentagonal tilings [9] shown in Figure 12 as follows:
Tilings numbers 1, 2, 3, 10, 11, 12, 13, 14 do not meet our pentagonal tiling definition since
each region is actually an n-gon with n > 5 (some edges meet at 180o). Numbers 4 and 8
are Type-C tilings because each pentagon has vertex degrees 3− 4− 3− 4− 3. Number 5 is
a Type-F tiling. Number 6 is a Type-P tiling, and numbers 7 and 9 are Type-M tilings.
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Figure 12: An example of each of the fourteen known pentagonal tilings. [9]
Figure 13: Cairo Pentagonal Tiling [9]
We show that the Cairo tiling and the optimal prismatic tiling have the same cost, which
is greater than that of the regular hexagon or square tilings. We conjecture that these
pentagonal tilings minimize perimeter among pentagonal unit-area planar tilings, which
would imply that no pentagonal unit-area planar tiling is cost minimizing.
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Proposition 4.3. For every λ, the Cairo pentagon has cost
C =
3
√
2
3
+
√
2
2
+ 1.5λ ≈ 1.93185 + 1.5λ,
greater than the cost of the regular hexagon or square.
Proof. Divide the pentagon into a triangle and a trapezoid, as shown in Figure 14. As
shown, let y be the length of one of the 4 equal sides of the pentagon. Then, the base of the
triangle (EC) is
√
3y and the height (FD) is y/2. The two parallel sides of the trapezoid
have lengths
√
3y (EC) and
√
3y− y (AB), and the trapezoid has a height of √3y/2 (BG).
This means the total area is
1 =
√
3
4
y2 + (2
√
3y − y)
√
3
4
y =
3
2
y2.
Figure 14: A Cairo pentagon has four equal edges, two 90o angles, and three 120o angles.
Thus
y =
√
2
3
x =
(√
2−
√
2
3
)
.
Hence, the cost is
C =
3
√
2
3
+
√
2
2
+ 1.5λ
≈ 1.93185 + 1.5λ,
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which is higher than the cost of the regular hexagon or square for all values of λ since
from Lemma 3.3 the cost function for a square is C = 2 + λ and for a regular hexagon is
C = 1.861 + 2λ. Figure 15 provides a plot of the three cost functions illustrating that the
cost of the Cairo pentagon is never less than both the cost of the square and the regular
hexagon for a value of λ.
Figure 15: Plot of the cost functions for the regular hexagon (blue), Cairo pentagon (fuchsia)
and square (green), for varying λ.
Figure 16: Optimal Prismatic Pentagonal Tiling [9]
Proposition 4.4. The optimal prismatic tiling has the same cost ratio as the Cairo tiling.
Proof. Since a tiling prismatic pentagon will have parameters as shown in Figure 17, we can
use Lagrange Multipliers to find the isoperimetric prismatic pentagon tiling. The perimeter
and area equations are:
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Figure 17: Prismatic Pentagon
P = 2l + w + w sec θ,
A = lw +
w2 tan θ
4
.
Since we are dealing with unit area, we have
1 = lw +
w2 tan θ
4
and
∇P = µ∇A,
which yields the following three equations:
∂P
∂l
= µ
∂A
∂l
⇒ 2− µw = 0,
∂P
∂w
= µ
∂A
∂w
⇒ 1 + sec θ − µl − µw tan θ
2
= 0,
∂P
∂θ
= µ
∂A
∂θ
⇒ w sec θ tan θ − µw
2 sec2 θ
4
= 0.
Solving these three equations and the equation for unit area simultaneously yields
µ =
w
2
, θ =
pi
6
, w =
√
4
√
3
2
√
3 + 3
, and l =
√
4
√
3
2
√
3 + 3
(√
3 + 1
2
√
3
)
.
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Therefore the perimeter satisfies
P = 2
√ 4√3
2
√
3 + 3
(√
3 + 1
2
√
3
)+
√
4
√
3
2
√
3 + 3
+
√
4
√
3
2
√
3 + 3
(
2√
3
)
= 2
√
2 +
√
3 ≈ 3.8637.
Since √
2 +
√
3
2
=
3
√
2
3
+
√
2
2
the cost of this optimal prismatic pentagonal tiling (Fig. 16) is:
C = 1.5 +
3
√
2
3
+
√
2
2
λ ≈ 1.5 + 1.93185λ,
which is the same as the cost of the Cairo pentagonal tiling.
Conjecture 4.5. The Cairo tiling and the optimal prismatic tiling minimize perimeter
among pentagonal unit-area planar tilings. Thus, there is no cost-minimizing pentagonal
unit-area planar tiling.
In the remainder of this section, we support our conjecture by eliminating certain classes
of pentagon from consideration, and investigate properties of perimeter-minimizing pen-
tagons.
The following proposition supports our conjecture by showing that any pentagon with a
vertex of degree 2 cannot be the prototile of a cost-minimizing unit-area polygonal tiling.
The proposition itself is more general:
Proposition 4.6. In a convex polygonal tiling of a flat torus, for any n-gon with m > 0
vertices of degree 2, there exists an r-gon that has a cost less than or equal to the cost of the
n-gon, such that n−m ≤ r < n.
Proof. Let region X be an n-gon in a convex polygonal tiling with exactly one vertex of
degree 2. For any vertex of degree 2, the two edges coming out of that vertex must be
collinear, because, if they were not collinear, then one of the regions sharing this vertex
would be non-convex. Let Y be an (n− 1)-gon made by removing a vertex of degree 2 from
region X. Then region X must have a cost greater than or equal to the cost of region Y
since region X has more vertices and the same perimeter. Similarly, an n-gon in a convex
polygonal tiling with m vertices of degree 2 has a cost greater than or equal to the cost of
an r-gon, where n−m ≤ r < n, made by removing vertices of degree 2 from the n-gon.
The following lemma constrains the size of a pentagonal prototile to within a ball of
radius 2. This does not eliminate the possibility that tiles that exceed this bound might be
found in a perimeter-minimizing nonmonohedral pentagonal tiling.
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Lemma 4.7. Any cost-minimizing pentagon tile in R2, with one vertex on the origin, en-
closing unit area, must have all of its vertices within a ball of radius ρ = 2.
Proof. If such pentagon has a vertex outside of that ball, then the perimeter of the pentagon
must be at least 4, which is greater than the perimeter of the Cairo pentagon (≈ 3.86 by
Prop. 4.3), so it could not be a cost-minimizing pentagon tile.
Next, we show that a perimeter-minimizing pentagonal tiling exists.
Proposition 4.8. For fixed n, a flat torus with a monohedral tiling by a unit-area polygonal
prototile of at most n edges has a cost-minimizing monohedral tiling by a unit-area polygonal
prototile of at most n edges.
Proof. Prototiles with fewer than n edges may be viewed as degenerate prototiles with exactly
n edges. Let N denote the area of the torus. By Euler, the number V of vertices satisfies
V = E − F = (n
2
− 1)N.
Hence every tiling may be viewed as a point in a bounded subset of R2V . Consider a sequence
of candidate tilings with costs approaching the infimum. By compactness, there is a limit
tiling, which minimizes cost.
The following proposition and corollary provide some results concerning non-convex n-
gons. They restrict a pentagonal prototile to having no angles greater than pi, although,
again, it does not eliminate the possibility that non-convex tiles might be found in a
perimeter-minimizing nonmonohedral pentagonal tiling.
Proposition 4.9. The perimeter of a non-convex n-gon with m interior angles greater than
pi radians is always greater than the perimeter of a regular r-gon for n−m ≤ r < n.
Proof. Let G be a non-convex n-gon with perimeter P . Then G has at least one interior
angle with degree greater than pi (i.e. m ≥ 1), so some integer r exists. Given an r, find n−r
vertices such that each vertex has an interior angle greater than pi radians. Construct the
r-gon G′ by removing those n− r vertices and their adjacent edges, and connecting the two
adjacent vertices with an edge. G′ has perimeter P ′ < P and area A′ > 1. Construct a new
r-gon G′′ by uniformly scaling G′ until its area A′′ equals 1. G′′ has perimeter P ′′ < P ′ < P .
Any n-gon has perimeter greater than or equal to that of the regular n-gon with the same
area. Thus P ′′ ≥ Pr where Pr is the perimeter of the regular r-gon with unit area. Thus
P > Pr, as desired.
Corollary 4.10. The cost of a non-convex n-gon with m angles greater than pi is higher
than the cost of a regular r-gon for
n−m ≤ r < n.
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Proof. By Proposition 4.9, if a non-convex n-gon has m angles greater than pi, then it has
greater perimeter than that of the regular r-gon for n − m ≤ r < n. Therefore the cost
of the non-convex n-gon, a(n − 2)/2 + bPn/2, is higher than the cost of a regular r-gon,
a(r − 2)/2 + bPr/2, for n−m ≤ r < n since n > r, and Pn > Pr.
Given a pentagon with nonzero angle less than pi, we show a lower bound on the perime-
ter. We use this bound to eliminate convex monohedral pentagonal tilings whose prototile
contains an angle less than 64.107. This then allows us to eliminate monohedral Type-F or
Type-Z tilings. We conjecture that Type-F and Type-Z tilings will never be cost minimiz-
ing, and that we should be able to reduce our cases to Type-P, Type-C, and Type-M tilings.
Finally, we offer a conjecture about the isoperimetric convex pentagon given an angle θ.
Proposition 4.11. The perimeter P of a convex unit-area polygon with interior angle θ ≤
θ0 < pi, satisfies
P >
√
2(2 cot(θ0/2) + θ0 + pi).
Proof. By convexity, the polygon must lie entirely within a sector of angle width θ. For the
sector from 0 to θ < pi such that the origin is included in the boundary, the isoperimetric
way to enclose unit area is a circular arc tangent to each boundary line and line segments
connecting each end of the arc to the origin. (This follows easily from the fact that an
isoperimetric curve exists and on the interior consists of circular arcs, which must meet the
boundary tangentially). The area, as shown in Figure 18, can be calculated by taking the
area of the two right triangles formed by a line connecting the origin to the center of the
circular arc, the radial lines perpendicular to the boundaries (of length r), and the boundary
lines themselves (of length a), and adding the area of the sector of the circle not contained
in these two triangles. The area of the sector of the circle is
pi + θ
2
r2.
The area of both triangles put together is ar. Since
a =
r
tan θ
2
= r cot
θ
2
,
we can write the area of the triangles in terms of r:
r2 cot
θ
2
.
The total area is then
r2(cot
θ
2
+
pi + θ
2
).
Setting this equal to area 1 and solving for r, we get
r =
√
1
cot θ
2
+ pi+θ
2
.
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The perimeter is the sum of the two line segments plus the length of the circular arc piece.
Thus the perimeter is
2a+ (pi + θ)r = r
(
2 cot
θ
2
+ θ + pi
)
.
Plugging in for r, we get
P =
√
1
cot θ
2
+ pi+θ
2
(
2 cot
θ
2
+ θ + pi
)
=
√√√√ (2 cot θ2 + θ + pi)2
1
2
(
2 cot θ
2
+ pi + θ
) = √2(2 cot θ
2
+ θ + pi
)
.
All other curves, including polygons, enclosing unit area must have more perimeter than
this. Now let
g(θ) = 2
(
2 cot
θ
2
+ θ + pi
)
.
Then
g′(θ) = 2
(
1− csc2 θ
2
)
.
The function cot(θ) is positive on the interval (0, pi/2). Thus g(θ) is a positive function
on the interval (0, pi). On the interval (0, pi), 0 < sin(θ) < 1, thus on the interval (0, pi),
csc(θ/2) > 1, thus g′(θ) < 0. Thus g(θ) is a positive decreasing function on the interval
(0, pi), and hence
P =
√
g(θ) =
√
2
(
2 cot
θ
2
+ θ + pi
)
is also a decreasing function. Since the area is constant, the perimeter of any convex polygon
enclosing unit area constrained to have an interior angle θ with degree less than or equal to
θ0 < pi is
P >
√
2
(
2 cot
θ
2
+ θ + pi
)
≥
√
2
(
2 cot
θ0
2
+ θ0 + pi
)
,
as desired.
Proposition 4.12. A convex polygon with an interior angle θ < θ0 = 54.138
o has greater
perimeter than the square of equal area.
Proof. By Proposition 4.11, for unit area, the perimeter is greater than 4.00001, which is
greater than the perimeter of a square of unit area.
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Figure 18: In a sector of angle θ constrained so that the origin is in the boundary, the
isoperimetric convex region consists of line segments along the boundary of the sector and a
circular arc tangent to both boundaries.
Proposition 4.13. For every λ, no monohedral pentagonal tiling which consists of convex
pentagons with at least one angle θ < θ2 = 64.107
o has a cost ratio less than the cost of a
square and the cost of a hexagon.
Proof. By Definition 3.1, the cost contribution of an n-gon to a tiling is
P
2
+
(n− 2)λ
2
increasing more rapidly the larger the n.
At λ0 = 2− 21/231/4, by Lemma 3.3, the cost ratios of the regular hexagonal and square
tilings are both √
6 tan
pi
6
+ 2λ = 21/231/4 + 2(2− 21/231/4) = 4− 21/231/4.
By Proposition 4.11, the cost contribution of a pentagon with an interior angle θ < θ2 at
λ = λ0 is at least
1.5(2− 21/231/4) +
√
2(2 cot(θ2/2) + θ2 + pi)
2
,
yielding a tiling more expensive than the square and hexagonal tilings. For λ < λ0, the
hexagonal tiling is better, and for λ > λ0, the square tiling is better.
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Proposition 4.14. For every λ, there exists no monohedral Type-F or Type-Z pentagonal
tiling with a cost ratio lower than both the cost of a square and the cost of a regular hexagon.
Figure 19: Floret Pentagonal Tiling [9]
Proof. By definition, there exists a vertex of degree 6 in a Type-F or Type-Z pentagonal
tiling. The interior angles around this vertex sum to 360◦. By the pigeonhole principle, at
least one of these interior angles is θ ≤ 60◦. Thus, by 4.13 this tiling has a cost ratio greater
than both the cost of a square and the cost of a regular hexagon for any value of λ.
Conjecture 4.15. For a monohedral pentagonal tiling of a flat torus to have lower cost ratio
than both the regular hexagonal and square tilings for some λ, it must be Type-P, Type-C,
or Type-M.
Conjecture 4.16. The isoperimetric convex pentagon given an angle θ is a pentagon whose
angles adjacent to θ are equal and whose other two angles are equal, as in Figure 20.
5 Space Tilings
We extend our tiling problem to three dimensions by considering tilings of a 3-torus mini-
mizing a weighted combination of number of vertices, perimeter, and surface area, or cost.
This paper considers just four specific polyhedral tiles: an elongated dodecahedron, an ir-
regular tetrahedron, a truncated octahedron, and a rhombic dodecahedron; and five classes
of polyhedral tiles: hexagonal prisms, gyrobifastigia, square pyramids, square prisms, and
triangular prisms. We also include one candidate tiling by two kinds of tetrahedra. Of
these, we show that hexagonal prisms, gyrobifastigia, square pyramids and the elongated
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Figure 20: The conjectured form of the isoperimetric convex pentagon under the restriction
that an angle must be θ. In this figure, the top angle is θ.
dodecahedron are not minimizers for any cost, and that the irregular tetrahedron is optimal
only when vertices are the only contributing factor. Theorem 5.17 shows the values of the
weights for which the successful candidates minimize cost.
Problem: Given nonnegative constants a, b, and c, find a polyhedron P of prescribed unit
volume minimizing a cost C equal to a times the number of vertices plus b times the total
edge-length plus c times the surface area.
Definition 5.1. Given nonnegative constants a, b, c, we will define the cost ratio, CP , of a
tiling of the 3-D torus with N unit volume polyhedra as
av + be+ cf
N
,
where a, b, c are nonnegative constants, v is the total number of vertices of the tiling, e is
the total length of the edges in the tiling, f is the total interfacial area in the tiling.
The cost of a polyhedron in a tiling is
a
∑
Ω
4pi
+ b
∑ Lθ
2pi
+
bF
2
,
where Ω is the measure of a solid interior angle, L is the length of an edge, θ is the measure
of a dihedral angle, and P is the face area of this polyhedron.
The vertex contribution of a polyhedron is ∑
Ω
4pi
.
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The edge-length contribution of a polyhedron is∑ Lθ
2pi
.
The face area contribution of a polyhedron is
F
2
.
For comparison and plotting purposes, we define β = b/a, γ = c/a.
Proposition 5.2. In any tiling of a flat torus, the cost ratio of the tiling is the average of
the costs of all polyhedra in the tiling.
Proof. For N polyhedra Pi, the average of the costs is given by
1
N
N∑
i=0
(
a
4pi
∑
Pi
Ω +
b
2pi
∑
Pi
(Lθ) +
c
2
Fi
)
,
where Fi is the face area of the polyhedron i. Since the solid angles at a vertex sum to 4pi,
the dihedral angles around an edge sum to 2pi, and each edge face will be counted in two
polyhedra, this equals
1
N
(av + be+ cf),
which is the cost ratio of the tiling.
Lemma 5.3. The cost ratio of the mixed tetrahedra tiling is
1
6
a+
6
19
(
2 +
3
2
+
√
2
4
)(
12√
2
) 1
3
b+
4
(
3 6
√
3
2
)
+ 2
(
3
2
3
)
3
c.
Proof. The mixed tetrahedra tiling consists of 6 tetrahedra, made from dividing a rombohe-
dron into an octagon and 2 regular tetrahedra, and then quartering the octagon to make 4
tetrahedra. The octahedron is quartered by first dividing it into two square pyramids, and
then dividing the “top” and “bottom” pyramids along a diagonal of the square. A vertex in
this tiling looks like Figure 22. Two of the octahedra vertices pictured will be connected to
4 tetrahedra in the octahedron, and four will only be connected to 2. Therefore, there are
8(1) + 4(2) + 2(4) = 24 tetrahedra around a vertex. Each tetrahedron has 4 vertices, so the
total vertex penalty for this tiling is a/6.
There are 12 edges of length a shared by 6 tetrahedra, 4 edges of length a shared by 4
tetrahedra, and 1 edge of length
√
2a shared by 3 tetrahedra. So the weighted average of
these edges is (2 + 3
2
+
√
2
4
)/19 which, when multiplied by the edge length and the six edges
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Figure 21: Data on our select tiles. [9] [10]
in a tetrahedra gives us the coefficient of b.
For each rhombohedron, there are 2 regular tetrahedra , with all 4 faces of area
A =
3 6
√
3
2
,
and 4 irregular tetrahedra, with 2 faces of area A, and 2 faces of area A′ = 3
2
3 . There are 6
tetrahedra total, and each face is shared by 2 tetrahedra.
Lemma 5.4. The cost of an irregular space tiling tetrahedron is
1
6
a+ b
3
√
12
(
1
4
+
√
2
4
+
√
3
3
)
+
1
2
c
(
3
√
12
)2(1
2
+
√
2
2
+
√
2
4
)
.
Proof. The irregular tetrahedra are formed by slicing a square pyramid in half. Six square
pyramids form a cube. Therefore, there are 12 irregular tetrahedra in a cube. If each has
unit volume, the edge length of the cube will be 3
√
12. The 4 vertices are each shared by 12
tetrahedra. The two edges of length 3
√
12, are each shared by eight tetrahedra. The edge
along the dihedral angle, which has length 3
√
12(
√
2), is shared by four tetrahedra. The three
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Figure 22: The polyhedra surrounding a single vertex of the tetrahedra octahedra tiling, on
which the mixed tetrahedra tiling is based. [9]
edges of length 3
√
12(
√
3/2) are shared by 3 square pyramids, so 4.5 tetrahedra, on average.
The faces are one triangle of area ( 3
√
12)2(1/2) and three triangles of area ( 3
√
12)2(
√
2/4),
and each face is shared by two tetrahedra.
Lemma 5.5. The cost of a square pyramid is
a
(
1
6
+
4
24
)
+ b
(
1
2
+
2
√
3
3
)(
6
1
3
)
+ c
(
6
2
3 +
√
2(6)
2
3
2
)
=
1
3
a+
(
1
2
+
2
√
3
3
)(
6
1
3
)
b+
(
62/3 + 62/3
√
2
2
)
c.
Proof. The square pyramid has 5 vertices, 5 faces. The top vertex has 6 pyramids meeting
at that one point. 24 pyramids meet at each of the other 4 vertices on the base. The edges
on the side have length 6(1/3) ∗ √3/2 and are shared by 3 pyramids. The edges on the base
have length 6(1/3) are shared by 8 pyramids. The triangular faces have area 6(2/3) ∗ 1/(2√2),
the square face has area 6(2/3), and every face is shared by two pyramids.
Lemma 5.6. The cost of an equilateral triangular prism of unit volume is
a
2
+ 2
(
4√
3
) 1
3
b+
3
(
4√
3
) 2
3
+ 2
(√
3
4
) 1
3
2
c.
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Proof. There are 6 vertices shared by 12 prisms. The edges have length a = 3
√
4/
√
3, 6
of these are shared by 4 prisms, and 3 edges are shared by 6 prisms. There are 3 sides of
area a2, and 2 sides of area a2
√
3/4, each shared by 2 prisms, resulting in the expression
above.
Lemma 5.7. The cost of a cube of unit volume is
a+ 3b+ 3c.
Proof. There are 8 vertices shared by 8 cubes, 12 sides of length 1 shared by 4 cubes, and
6 faces of area 1, shared by 2 cubes, resulting in the expression above. Note that neither
the surface area nor the edge length of a cube can be improved by stretching or skewing the
figure, so we do not have to consider any sort of distorted cube.
Lemma 5.8. The cost of an equilateral gyrobifastigium of unit volume is
4
3
a+ 4
(
2√
3
) 1
3
b+
2( 2√
3
) 2
3
+
(√
3
2
) 1
3
 c.
Proof. The gyrobifastigium has 8 vertices shared by 6 shapes. The edges have length
(2/
√
3)(1/3), 6 of these edges are shared by 3 shapes, and 8 of these edges are shared by
4 shapes. There are 4 square faces with area (2/
√
3)(2/3) and 4 triangular faces with area
(2/
√
3)(2/3) ∗ √3/4. All faces are shared by two shapes. Notes that the approximate cost of
the equilateral gyrobifastigium is
1.333a+ 4.196b+ 3.154c
Lemma 5.9. The cost of the edge-minimizing gyrobifastigium is approximately
4
3
a+ 4.18532b+ 3.098c.
Proof. To minimize the edge-length contribution for the gyrobifastigium, let the edge lengths
of the cross-section rectangle be a and b, the height of the triangle with base a defining one
of the triangular prisms be c and the height of the triangle with base b defining the other
triangular prism be d. Then the edge-length contribution of a gyrobifastigium in terms of a,
b, c, and d is the following:
Edge-length contribution = 3a+ 3b+ 4
√
a2
4
+ c2 + 4
√
b2
4
+ d2.
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The volume of the Gyrobifastigium in terms of a, b, c, and d is:
Volume of Gyrobifastigium =
ab(c+ d)
2
= 1.
Using Lagrange multipliers in Mathematica to minimize the edge-length contribution,
we obtain that the minimum of the function is approximately 4.18532 and is achieved when
(a, b, c, d) ≈ (1.09481, 1.09481, 0.834299, 0.834299).
Lemma 5.10. The face area contribution of face area-minimizing gyrobifastigium is approx-
imately 3.03379.
Proof. Skewing will not provide less face area contribution, so we need only consider changing
the height and the area of the square base where the two triangular prisms meet. Assume
that the base where the two prisms meet is a square. We can also assume that those two
triangular prisms provide the same area contribution, because if one provides less, we can
replace the other with a copy of the first prism, obtaining a lower cost. The triangle faces
are then identical isosceles triangles. Let θ be the angle between one side and the base of the
isosceles triangle, x be the length of a side of the square base. Then face area contribution
is
A =
1
2
(
4
(
x2
4
tan θ
)
+ 4
(
x2
2
1
cos θ
))
=
1
2
x2 tan θ + x2
1
cos θ
.
The volume is V = 1 = x
3
2
tan θ. Let
Λ(x, θ, λ) =
1
2
x2 tan θ + x2
1
cos θ
+ λ
(
x3
2
tan θ − 1
)
.
The volume is the constraining function. Then solving for ∇x,θ,λΛ(x, θ, λ) = 0 gives x ≈
1.22359, θ ≈ 0.82922, and λ ≈ −4.04513. Therefore, the area contribution A ≈ 3.03379.
Remark. We assume that the area minimizing gyrobifastigium has a sqaure base where the
two triangular prisms meet. A non-square base gyrobifastigium is not edge-length minimiz-
ing, but we have not proven that it is not face area minimizing.
Lemma 5.11. The cost of an equilateral hexagonal prism of unit volume is
2a+ 5
(
2
3
√
3
) 1
3
b+
3( 2
3
√
3
) 2
3
+
(
3
√
3
2
) 1
3
 c.
Proof. There are 12 vertices shared by 6 prisms, 12 edges of length a = (2/3
√
3)
1
3 shared by
4 prisms, and 6 edges of the same length shared by 3 prisms. There are 6 sides of area a2, and
2 sides of area (3
√
3/2)a2, each shared by 2 prisms, resulting in the expression above.
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Lemma 5.12. The cost of a rhombic dodecahedron is
3a+ 8b 3
√
9
16
√
3
+ 4
√
2c
(
3
√
9
16
√
3
)2
.
Proof. There are 6 vertices shared by 6 dodecahedra, and 8 vertices shared by 4 dodecahedra.
There are 24 edges of length 3
√
3
√
3/16, each shared by 3 dodecahedra. The total face area is
8
√
2a2, and each face is shared by 2 dodecahedra. Note that the rhombic dodecahedron will
not benefit form distortion, because it won’t tile when you change the rhombi in relation to
each other, unless you stretch the middle ring of rhombi into hexagons, making the elongated
dodecahedron, which we are considering separately.
Lemma 5.13. The cost of an elongated dodecahedron is
4a+ 9b
3
√
1
6
+
√
3c
(
3 +
√
5
)(
3
√
1
6
)2
.
Proof. There are 10 vertices shared by 5 dodecahedra, and 8 vertices shared by 4 dodeca-
hedra. There are 4 edges shared by 4 dodecahedra and 24 edges shared by 3 dodecahedra,
with edges of length 3
√
1/6. The surface area of the dodecahedron is 2
√
3(3 +
√
5) 3
√
1/62,
and each face is shared by 2 dodecahedra.
Lemma 5.14. The cost of a truncated octahedron is:
6a+
6
2
1
6
b+
(
3 + 6
√
3
)( 1
8
√
2
) 2
3
c.
Proof. There are 24 vertices, each shared by 4 octahedra. There are 36 edges of length
3
√
1/8
√
2, each shared by 3 octahedra. The surface area of the octahedron is (6+12
√
3) 3
√
1/8
√
22,
and each face is shared by 2 octahedra. Note that truncated octahedra will not tile if you
change the relative sizes of the square and hexagon faces. Like the cube, the truncated oc-
tahedron is already regular, so stretching or skewing the figure will not decrease its surface
area or edge length. Therefore, we do not have to consider any sort of distorted truncated
octahedron.
Proposition 5.15. The vertex contribution table (Fig. 23), edge-length contribution ta-
ble (Fig. 24), and face area contribution table (Fig. 25) display the contributions of our
candidate polyhedra in ascending order.
Proof. Follows directly from Lemmas 5.3 through 5.14 and the definitions of vertex, edge-
length, and face area contributions (Def. 5.1).
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Polyhedron Vertex contribution
mixed tetrahedra 1
6
≈ 0.1667
irregular tetrahedron 1
6
≈ 0.1667
square pyramid 1
3
≈ 0.3333
triangular prism 1
2
= .5
cube 1
gyrobifastigium 4
3
≈ 1.3333
hexagonal prism 2
rhombic dodecahedron 3
elongated dodecahedron 4
truncated octahedron 6
Figure 23: Vertex Contribution Table
Polyhedron Edge-length contribution
mixed tetrahedra 6
(2+ 3
2
+
√
2
4
)
19
( 12√
2
)
1
3 ≈ 2.4821
triangular prism 2( 4√
3
)
1
3 ≈ 2.6436
irregular tetrahedron (1
4
+
√
2
4
+
√
3
3
)12
1
3 ≈ 2.7036
cube 3
square pyramid (1
2
+ 2
√
3
3
)(6
1
3 ) ≈ 3.0068
hexagonal prism 5( 2
3
√
3
)
1
3 ≈ 3.6371
gyrobifastigium ≈ 4.18532
elongated dodecahedron 9(1
6
)
1
3 ≈ 4.9529
truncated octahedron 6
2
1
6
≈ 5.3454
rhombic dodecahedron 2
5
3
√
3 ≈ 5.4989
Figure 24: Edge-length Contribution Table
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Lemma 5.16. The gyrobifastigium, square pyramid, hexagonal prism, and elongated dodec-
ahedron tilings never have the lowest cost ratio of the candidate polyhedron tilings.
Proof. The gyrobifastigium and square pyramid tilings can be eliminated by comparing them
with the cube tiling and the mixed tetrahedra tiling, respectively. Specifically, by Lemma 5.9
and 5.10 and the contribution tables (5.15), the edge minimizing gyrobifastigium has larger
edge-length contribution than the cube, and the face area minimizing gyrobifastigium has
larger face area contribution than the cube. So any gyrobifastigium tiling is worse than the
cube tiling. The mixed tetrahedra tiling has lower coefficients of a, b, and c than the square
pyramid tiling, as can be seen in the tables in 5.15.
The hexagonal prism never has the lowest cost among our space tiling polyhedra candi-
dates.
Suppose that the hexagonal prism has the lowest cost for some β = b/a, γ = c/a. Since
it beats the truncated octahedron for those values,
2 + 5
(
2
3
√
3
) 1
3
β +
(
3(
2
3
√
3
) 2
3
+
(
3
√
3
2
)
1
3
)
γ ≤ 6 + 6
2
1
6
β +
(
3 + 6
√
3
)( 1
8
√
2
) 2
3
γ
so that (rounding down the coefficient of γ)
.3048γ ≤ 4.
Since it beats the cube for those values,
Polyhedron Face area contribution
truncated octahedron (3 + 6
√
3)( 1
8
√
2
)
2
3 ≈ 2.6574
rhombic dodecahedron 36√2 ≈ 2.6727
elongated dodecahedron
√
3(3 +
√
5)(1
6
)
2
3 ≈ 2.7466
hexagonal prism (3( 2
3
√
3
)
2
3 + (3
√
3
2
)
1
3 ) ≈ 2.9621
cube 3
gyrobifastigium ≈ 3.03379
triangular prism
3( 4√
3
)
2
3+2(
√
3
4
)
1
3
2
≈ 3.3773
mixed tetrahedra
4( 3
6√3
2
)+2(3
2
3 )
3
≈ 3.7886
square pyramid 6
2
3+
√
2(6)
2
3
2
≈ 3.9858
irregular tetrahedron
( 1
2
+
√
2
2
+
√
2
4
)(12
2
3 )
2
≈ 4.0901
Figure 25: Face Area Contribution Table
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2 + 5
(
2
3
√
3
) 1
3
β +
3( 2
3
√
3
) 2
3
+
(
3
√
3
2
) 1
3
 γ ≤ 1 + 3β + 3γ
so that (rounding up the coefficient of γ) 1 ≤ .0379γ, a contradiction. So the hexagonal
prism tiling never has a lower cost ratio than both the truncated octahedron tiling and the
cube tiling, so the hexagonal prism never has the lowest cost among our space tiling poly-
hedra candidates.
The elongated dodecahedron never has the lowest cost among our space tiling polyhedra
candidates.
Suppose that the elongated dodecahedron has the lowest cost for some β, γ. Since it
beats the rhombic dodecahedron for those values,
4 + 9
(
1
6
) 1
3
β +
√
3(3 +
√
5)
(
1
6
) 2
3
γ ≤ 3 + 2 53
√
3β +
3
6
√
2
γ
so that (rounding down the coefficient of γ)
1 + .0739γ ≤ .5460β.
Since it beats the cube for those values,
4 + 9
(
1
6
) 1
3
β +
√
3(3 +
√
5)
(
1
6
) 2
3
γ ≤ 1 + 3β + 3γ
so that (rounding up the coefficient of γ)
1 + 1.9529β ≤ .2534γ,
which leads to a contradiction, since γ is always positive. So the elongated dodecahedron
never has the lowest cost among our space tiling polyhedra candidates.
Theorem 5.17. Let the polyhedral tilings from Figure ?? be the candidate pool for tilings of
a 3D torus using polyhedra of unit volume. Given nonnegative constants a,b, and c, recall
by Definition 5.1, β = b/a, γ = c/a. As in Figure 26, all tilings in the candidate pool have
cost ratios greater than or equal to:
the cost ratio of the mixed tetrahedra tiling when γ ≤ γ1(β),
the cost ratio of the triangular prism tiling when γ1(β) ≤ γ ≤ γ2(β),
the cost ratio of the cube tiling when γ2(β) ≤ γ ≤ γ3(β) and γ ≤ γ4(β),
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the cost ratio of the truncated octahedra tiling when γ ≥ γ4(β) and γ ≥ γ5(β),
the cost ratio of the rhombic dodecahedron tiling when γ3(β) ≤ γ ≤ γ5(β),
where
γ1 (β) =
2
2
3
3
1
6
(
2
5
3
(
3 +
√
3
)− 3− 2(3 32))−
(
126 + 9
√
2− 76 6√2√3) 6√2 6√3
19
(
2
5
3
(
3 +
√
3
)− 3− 2(3 32))β ≈ .8104+.3927β,
γ2 (β) =
1
3
√
180 + 74
√
3− 6
+
2
(
2
5
33
5
6 − 9
)
3
(
3
√
6− 180 + 74√3
)β ≈ 1.3253 + .9446β,
γ3 (β) =
22
30− 15
(
2
5
6
) + 2
(
2
5
3
√
3− 3
)
3
(
2− 2 56
) β ≈ 6.7216 + 7.6349β,
γ4 (β) = − 40
3
(
−8 + 2 23 + 2 53√3
)−8 ( 6
√
2− 1) (1 + 6√2 + 3√2 +√2 + 2 23)
−8 + 2 23 + 2 53√3 β ≈ 14.5930+6.8453β,
γ5 (β) =
(2.8) 4 3
√
2
3
(−1 + 4 6√2− 2√3) −
(
4 3
√
2
(
2
5
3
√
3− 3
(
2
5
6
)))
3
(−1 + 4 6√2− 2√3) β ≈ 182.6924− 10.0172β.
Proof. By Lemma 5.16, we now have only the irregular tetrahedron, mixed tetrahedra, tri-
angular prism, cube, truncated octahedron, and rhombic dodecahedron to consider. We will
now describe the regions where each of these tilings has the lowest cost ratio:
The irregular tetrahedron tiling is only optimal when b = c = 0 ⇒ β = γ = 0, at which
point the mixed tetrahedra tiling is also optimal. For any other β, γ, the mixed tetrahedra
tiling has a lower cost ratio than the irregular tetrahedron tiling, since it has lower values
for the coefficients of b and c, as can be seen in the tables in 5.15.
The mixed tetrahedra tiling has cost ratio less than or equal to that of the triangular
prism tiling if and only if4
(
3 6
√
3
2
)
+ 2
(
3
2
3
)
3
−
3
(
4√
3
) 2
3
+ 2
(√
3
4
) 1
3
2
 γ ≤ 1
3
+
2( 4√
3
) 1
3
− 6
(
2 + 3
2
+
√
2
4
)
19
(
12√
2
) 1
3
 β,
i.e. when
γ ≤ 2
2
3
3
1
6
(
2
5
3
(
3 +
√
3
)− 3− 2(3 32)) −
(
126 + 9
√
2− 76 6√2√3) 6√2 6√3
19
(
2
5
3
(
3 +
√
3
)− 3− 2(3 32))β = γ1(β),
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γ1(β) ≈ .8104 + .3927β.
The triangular prism tiling has cost ratio less than or equal to that of the cube tiling if and
only if 3
(
4√
3
) 2
3
+ 2
(√
3
4
) 1
3
2
− 3
 γ ≤ 1
2
+
(
3− 2
(
4√
3
) 1
3
)
β,
i.e. when
γ ≤ 1
3
√
180 + 74
√
3− 6
+
2
(
2
5
33
5
6 − 9
)
3
(
3
√
6− 180 + 74√3
)β = γ2(β),
γ2(β) ≈ 1.3253 + .9446β.
The cube tiling has cost ratio less than or equal to that of the rhombic dodecahedron tiling
if and only if (
3− 3
6
√
2
)
γ ≤ 2.2 +
(
2
5
3
√
3− 3
)
β,
i.e. when
γ ≤ 22
30− 15
(
2
5
6
) + 2
(
2
5
3
√
3− 3
)
3
(
2− 2 56
) β = γ3(β),
γ3(β) ≈ 6.7216 + 7.6349β.
The cube tiling has cost ratio less than or equal to that of the truncated octahedron tiling
if and only if (
3− 3 + 6
√
3
4 3
√
2
)
γ ≤ 5 +
(
3
(
2
5
6
)
− 3
)
β,
i.e. when
γ ≤ − 40
3
(
−8 + 2 23 + 2 53√3
) − 8 ( 6
√
2− 1) (1 + 6√2 + 3√2 +√2 + 2 23)
−8 + 2 23 + 2 53√3 β = γ4(β),
γ4(β) ≈ 14.5930 + 6.8453β.
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The rhombic dodecahedron tiling has cost ratio less than or equal to that of the truncated
octahedron tiling if and only if(
2
5
3
√
3− 6
2
1
6
)
β +
(
3
6
√
2
−
(
3 + 6
√
3
)( 1
8
√
2
) 2
3
)
γ ≤ 2.8,
i.e. when
γ ≤ (2.8) 4
3
√
2
3
(−1 + 4 6√2− 2√3) −
(
4 3
√
2
(
2
5
3
√
3− 3
(
2
5
6
)))
3
(−1 + 4 6√2− 2√3) β = γ5(β),
γ5(β) ≈ 182.6924− 10.0172β.
Figure 27 provides a plot of γ1 through γ5.
Figure 26: The cost ratio minimizers from our candidate pool for different values of β (related
to edge length) and γ (related to face area). [9]
Let 0 ≤ γ ≤ γ1. Then
CMixed Tetrahedron ≤ CTriangular Prism.
Also,
CMixed Tetrahedron < CCube
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since γ < γ2 and CTriangular Prism < CCube.
Also,
CMixed Tetrahedron < CRhombic Dodecahedron
since CCube < CRhombic Dodecahedron when γ < γ3.
Similarly,
CMixed Tetrahedron < CTruncated Octahedron
since CCube < CTruncated Octahedron when γ < γ4.
Therefore, among our candidate pool, all tilings have cost ratios greater than or equal to the
cost ratio of the mixed tetrahedra tiling when γ ≤ γ1.
Let γ1 ≤ γ ≤ γ2. Then
CTriangular Prism ≤ CMixed Tetrahedra,
and
CTriangular Prism ≤ CCube.
Also,
CTriangular Prism ≤ CRhombic Dodechedra
since CCube < CRhombic Dodecahedron when γ < γ3.
Similarly,
CTriangular Prism < CTruncated Octahedron
since CCube < CTruncated Octahedron when γ < γ4.
Therefore, among our candidate pool, all tilings have cost ratios greater than or equal to the
cost ratio of the triangular prism tiling when γ1 ≤ γ ≤ γ2.
Let γ2 ≤ γ ≤ γ3 and γ ≤ γ4. Then
CCube ≤ CTriangular Prism,
CCube ≤ CTruncated Octahedron,
and
CCube ≤ CRhombic Dodecahedron.
Since γ > γ1, CTriangular Prism < CMixed Tetrahedron. Hence
CCube < CMixed Tetrahedron.
Therefore, among our candidate pool, all tilings have cost ratios greater than or equal to the
cost ratio of the cube tiling when γ2 ≤ γ ≤ γ3 and γ ≤ γ4.
Let γ ≥ γ4 and γ ≥ γ5. Then
CTruncated Octahedron ≤ CRhombic Dodecahedron,
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and
CTruncated Octahedron ≤ CCube.
Also
CTruncated Octahedron < CTriangular Prism
since CCube < CTriangular Prism when γ > γ2, and
CTruncated Octahedron < CMixed Tetrahedron
since CTriangular Prism < CMixed Tetrahedron when γ > γ1.
Therefore, among our candidate pool, all tilings have cost ratios greater than or equal to the
cost ratio of the truncated octahedra tiling when γ ≥ γ4 and γ ≥ γ5.
Let γ3 ≤ γ ≤ γ5. Then
CRhombic Dodecahedron ≤ CTruncated Octahedron,
and
CRhombic Dodecahedron ≤ CCube.
We know that when γ ≥ γ3, γ is also greater than γ2 and γ1. Therefore
CRhombic Dodecahedron ≤ CCube < CTriangular Prism < CMixed Tetrahedra.
Thus, among our candidate pool, all tilings have cost ratios greater than or equal to the cost
ratio of the rhombic dodechedra tiling when γ3 ≤ γ ≤ γ5.
The plot of γ1 through γ5 in Figure 27 divides the graph into 5 distinct regions, each of
which is labeled with the polyhedron whose tiling has the lowest cost ratio of our candidate
polyhedra in that section.
Lemma 5.18. The cost of a triangular prism with edge length of the triangular face y, and
height x, is
C =
a
2
+
3
2
by +
1
2
bx+
√
3
4
cy2 + c
3
2
xy.
Proof. The equilateral triangular prism minimizes the total edge length. But the triangular
prism that minimizes the face area is not equilateral. Let the edges of the triangular face
have length y, and let the height of the triangular prism be x. Then we know
Volume =
√
3
4
y2x.
We also know:
Edge Length =
3
2
y +
1
2
x,
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and
Area =
3xy
2
+
√
3
4
y2.
Thus the cost ratio of a triangular prism in terms of x and y is
C =
a
2
+
3
2
by +
1
2
bx+
√
3
4
cy2 + c
3
2
xy.
Proposition 5.19. If we consider the optimal triangular prism at different values of β and
γ, the lines in the phase portrait (Fig. 26) that indicate the transition from cube to triangular
prism and the transition from triangular prism to mixed tetrahedron both curve outward. Let
y be the side length of the triangle face of the prism. Then, the cube to triangular prism
transition curve satisfies the relations:
d
dy
(
1
2
+ β
(
3
2
y +
2√
3y2
)
+ γ
(√
3
4
y2 +
2
√
3
y
))
= 0,
and
1
2
+ β
(
3
2
y +
2√
3y2
)
+ γ
(√
3
4
y2 +
2
√
3
y
)
= 1 + β3 + γ3.
The triangular prism to mixed tetrahedra transition curve satisfies the relations
d
dy
(
1
2
+ β
(
3
2
y +
2√
3y2
)
+ γ
(√
3
4
y2 +
2
√
3
y
))
= 0,
and
1
2
+β
(
3
2
y +
2√
3y2
)
+γ
(√
3
4
y2 +
2
√
3
y
)
=
1
6
+β6
(
2 + 3
2
+
√
2
4
)
19
(
12√
2
) 1
3
+γ
4
(
3 6
√
3
2
)
+ 2
(
3
2
3
)
3
.
Proof. To find the optimal triangular prism for different values of β and γ, we need to find
the dimension of the triangular prism when the first derivative of its cost equals zero. By
Lemma 5.18, the height of a triangular prism is
x =
4√
3y2
.
Thus
CTriangular Prism
a
=
1
2
+ β
(
3
2
y +
2√
3y2
)
+ γ
(√
3
4
y2 +
2
√
3
y
)
.
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The minimum cost occurs when
d
dy
CTriangular Prism = 0,
i.e. when
d
dy
(
1
2
+ β
(
3
2
y +
2√
3y2
)
+ γ
(√
3
4
y2 +
2
√
3
y
))
= 0. (1)
By Lemma 5.7 and Lemma 5.3,
CCube
a
= 1 + β3 + γ3
and
CMixed Tetrahedra
a
=
1
6
+ β6
(
2 + 3
2
+
√
2
4
)
19
(
12√
2
) 1
3
+ γ
4
(
3 6
√
3
2
)
+ 2
(
3
2
3
)
3
.
Since the cube to triangular prism transition curve represents the points where the cost of
the optimal triangular prism for those values of β and γ equals the cost of a cube, it must
satisfy equation (1) and the following equation:
1
2
+ β
(
3
2
y +
2√
3y2
)
+ γ
(√
3
4
y2 +
2
√
3
y
)
= 1 + β3 + γ3, (2)
which sets the cost of the triangular prism equal to the cost of cube.
Similarly, the triangular prism to mixed tetrahedra transition curve must satisfy equation
(1) and the following equation:
1
2
+β
(
3
2
y +
2√
3y2
)
+γ
(√
3
4
y2 +
2
√
3
y
)
=
1
6
+β6
(
2 + 3
2
+
√
2
4
)
19
(
12√
2
) 1
3
+γ
4
(
3 6
√
3
2
)
+ 2
(
3
2
3
)
3
.
(3)
The optimal triangular prism changes its dimension only when the ratio β/γ changes.
When β/γ = 0.2,
CTriangular Prism
a
=
1
2
+
0.2× 3
2
y +
0.2× 2√
3y2
+
√
3
4
y2 +
2
√
3
y
,
d
dy
=
0.2× 3
2
− 0.2× 4√
3y3
+
√
3
2
y − 2
√
3
y2
= 0,
y ≈ 1.5247.
Plugging y = 1.5247, β = 0.2γ into equations (2) and (3), we get
1
2
+0.2γc
(
3
2
1.5247 +
2√
3× 1.52472
)
+γc
(√
3
4
1.52472 +
2
√
3
1.5247
)
=
CCube
a
= 1+0.2γc3+γc3
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and
1
2
+ 0.2γm
(
3
2
1.5247 +
2√
3× 1.52472
)
+ γm
(√
3
4
1.52472 +
2
√
3
1.5247
)
=
1
6
+ 0.2γm6
(
2 + 3
2
+
√
2
4
)
19
(
12√
2
) 1
3
+ γm
4
(
3 6
√
3
2
)
+ 2
(
3
2
3
)
3
.
Then γc = 2.12432 and γm = 0.741331. Thus when β = 0.2γ, the cube tiling is better than
the optimal triangular prism tiling when γ > 2.12432, and the mixed tetrahedra tiling is
better than the optimal triangular prism tiling when γ < 0.741331.
Using the same numerical method, we can find the γc and γm value of the points on
the transition curves for β = 0.05γ, 0.1γ, 1.5γ, 2γ, 2.5γ, 3γ, 4γ, 6γ, 10γ, etc. A table of these
values is provided in Figure 27. Then, using the coordinates from Figure 27, we can plot the
revised transition curves as shown in blue and red in Figure 28. The curves are not straight
because the slope of each segment line is different. The curve that illustrates the transition
from cube to triangular prism is slightly convex, and the curve shows the transition from
triangular prism to mixed tetrahedron is slightly concave down.
Remark. The cost ratio of a squashed dodecahedron is
4a+ 2
5
3
√
3b+
3
6
√
2
c.
Since it has the same edge length and face area contributions as a rhombic dodecahedron,
and a higher vertex contribution, it can only do as well as the rhombic dodecahedron when
a = 0. But when a = 0, the dodecahedra are beaten by mixed tetrahedra, or truncated
octahedra, so the squashed dodecahedron never wins.
Conjecture 5.20. All the preceding statements regarding polyhedra on tori hold true for
polyhedra in R3.
Proposition 5.21. Of the regular convex polyhedra only the cube can be used to tile space.
Proof. The dihedral angles of convex polyhedra are the following:
Convex Polyhedra Dihedral Angle
Tetrahedron cos−1(1/3) ≈ 70.53◦
Cube 90◦
Octahedron cos−1(−1/3) ≈ 109.47◦
Dodecahedron cos−1(−1/√5) ≈ 116.57◦
Icosahedron cos−1(−√5/3) ≈ 138.19◦
For a figure to tile the plane, the sum of the dihedral angles meeting at an edge must
sum to 360 degrees. Only the cube can meet this requirement; thus it is the only platonic
solid that can tile space.
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β γc γt
0.05γ 1.88722 0.669667
0.1γ 1.95499 0.692932
0.15γ 2.03351 0.716805
0.2γ 2.12432 0.741331
0.25γ 2.22943 0.766562
0.3γ 2.35142 0.792554
0.35γ 2.49371 0.819369
0.4γ 2.66080 0.847073
0.5γ 3.09613 0.905451
0.6γ 3.74203 0.968366
0.7γ 4.78504 1.03663
0.8γ 6.73069 1.11123
0.9γ 11.5894 1.19338
0.93γ 14.8655 1.21971
0.97γ 23.9824 1.25616
1γ 44.7215 1.284581
1.02γ 106.41 1.30406
1.5γ −3.1676 1.965967
2γ −1.4834 3.712544
2.2γ −1.21782 5.58117
2.4γ −1.03118 10.9462
2.45γ −0.992915 14.3422
2.5γ −0.9573 20.74188
2.55γ −0.924118 37.2957
2.6γ −0.89309 181.062
3γ −0.7028 −6.19801
4γ −0.4559 −1.78798
6γ −0.2657 −0.76193
10γ −0.1440 −0.36280
Figure 27: Points on the transition curves that bound the triangular prism’s territory in the
phase portrait (Fig. 28).
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Figure 28: The transition lines of the triangular prism in the phase portrait curve out when
we allow the height of the triangular prism to vary. [9]
6 Perimeter and Area Density
In this section we consider the isoperimetric problem in planes with various perimeter and
area densities. We show that there is no isoperimetric region for certain angular densities
(Props. 6.1, 6.3, and the Rmks. following each), and give several conjectures for perimeter
density rp, p > 0 (Conj. 6.2) and others (Conj. 6.5).
Proposition 6.1. In R2 with angular density f(θ) = | sin θ |, isoperimetric regions do not
exist.
Proof. For | sin θ |, the only points with 0 density are where y = 0. If a region has zero
perimeter, it must consist only of a line or line segments where y = 0. Such a curve encloses
area if and only if it entirely bounds a halfplane. However, a halfplane has infinite area,
thus no region with finite area has zero perimeter. Consider a square region of side length
s, bounded below by y = 0, completely contained in the radial interval [r1, r2] with r1 > 0.
We place this square completely in the first quadrant, so | sin θ | = sin θ = y/r at all points
in the square. At all points in the square, r ≤ r2 thus sin θ = y/r ≥ y/r2. Therefore, we can
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obtain a lower bound for the weighted perimeter:
A ≥ s
∫ s
0
y
r2
dy =
s3
2r2
.
Thus,
s ≤ (2r2A) 13 .
At all points in the square r ≥ r1, thus sin θ = y/r ≤ y/r1. The weighted perimeter of this
square is then
P ≤ 2
∫ s
0
y
r1
dy + s
s
r1
+ s(0) =
s2
r1
+
s2
r1
= 2
s2
r1
.
Plugging in for s2,
P ≤ 2(2r2A)
2/3
r1
∼
(
r
2/3
2
r
2/3
1
)(
1
r1/3
)
,
and
r
2/3
2
r
2/3
1
1
r1/3
→ 1(0) = 0
as r1, r2 →∞. Hence, for any area A and some region that encloses it, there exists a square
region on top of the x axis that encloses the same area with smaller perimeter. Therefore,
there is no isoperimetric region for density | sin θ|.
Remark. A similar proof will work for similar densities, such as |C sin θ|, C sin(θ)+1, |C cos θ|,
or C cos(θ) + 1, for nonzero constant C.
We generalize a conjecture of Dı´az et al. [[12], 4.21, 4.22] from general regions to polygons:
Conjecture 6.2. For the plane with positive perimeter density rp, p > 0,the isoperimetric
regions are circles about the origin. Likewise, the isoperimetric n-gons are the regular n-gons
about the origin.
Proposition 6.3. For the plane with any smooth angular perimeter density f(θ) such that
there is no interval of θ for which f is minimized throughout, there exists no isoperimetric
region for any area A.
Proof. Let m be the minimum of f , and let f(α) = m. By the isoperimetric inequality in
the plane, the unweighted perimeter length of a curve enclosing area A must be greater than
or equal to the perimeter of a circle with area A, which is 2
√
Api. Equality is only obtained
for the circle. The weighted perimeter P is calculated by integrating f(θ) over the curve.
Since f(θ) ≥ m at all points, P ≥ 2m√Api with equality only attainable when the curve is a
circle, and f(θ) = m for all points. Let p0 = 2m
√
Api. Now suppose a region with weighted
perimeter p0 exists. Let the minimum value of θ on the circle be a and let the maximum
value of θ on the circle be b. Then f(θ) = m for all θ ∈ [a, b]. However, this contradicts our
assumption that there no interval of θ for which f is minimized throughout. Thus no region
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with weighted perimeter p0 exists.
Now assume there exists an isoperimetric region with perimeter p = p0 + ε, ε > 0.
Choose ε0 > 0 such that ε0 < ε/(2
√
Api). Since the perimeter density is a continuous
(smooth) function of θ, there exists a δ > 0 such that
|θ − α| < δ ⇒ |f(θ)− f(α)| < ε0.
Since f(α) = m, m is the minimum of f , and f is positive everywhere, this is equivalent to
|θ − α| < δ ⇒ f(θ) < m+ ε0.
Let β = α + (δ/2). Then f(θ) < m+ ε0 for θ ∈ [α, β].
Let C be a circle of radius
√
A/pi completely contained in the sector of the plane defined
by θ ∈ [α, β]. The area of C is A, and since f(θ) < m + ε0 for all points in the sector, the
perimeter p1 is less than
(m+ ε0)2
√
Api = 2m
√
Api + ε02
√
Api < 2m
√
Api + ε = p0 + ε.
Then C has lower perimeter than the isoperimetric region, which is not possible. Thus there
exists no isoperimetric region for any area A.
Remark. Using the same proof technique as above, it is possible to prove: For the plane with
any non-constant angular area density f(θ) such that there is no interval of θ for which f is
maximized for the whole interval, there exists no isoperimetric region.
Remark 6.4. We experimented with Brakke’s Evolver [11] for various area and perimeter
densities of the form rp, p > 0. The results are shown in Figure 29.
Our numerical experiments led to the following conjecture:
Conjecture 6.5. If for a given radial density, the isoperimetric figure is a circle about the
origin, then the isoperimetric n-gon is a regular n-gon about the origin. For radial density
rp, p > 0, the isoperimetric triangle is isosceles (see Fig. 30). For any radial density, if an
isoperimetric triangle exists, it is isosceles. For any radial density, if an isoperimetric region
does not exist, no isoperimetric n-gon exists. For non-increasing radial area density, for
which balls about the origin are trivially isoperimetric, the isoperimetric n-gon is the regular
n-gon about the origin.
7 Log Convex Density Conjecture
Proposition 7.8 provides numerical evidence for the Log Convex Density Conjecture 7.1.
Proposition 7.2 allows for a stronger statement of the Log Convex Density Conjecture, and
the remainder of this section documents failed attempts to find a counterexample to the Log
Convex Density Conjecture.
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Conjecture 7.1. (The Log-Convex Density Conjecture [4]). In Rn with a smooth, radial,
log-convex density, balls about the origin provide isoperimetric regions of any given volume.
Conversely, for a radial density, the stability of balls about the origin implies that the
density is log convex. The following proposition shows that stationarity of the balls implies
that the density is radial.
Proposition 7.2. In Rn with smooth density, if all spheres about the origin are stationary
(in equilibrium), then the density is radial.
Proof. The generalized mean curvature of a hypersurface in Rn with density eψ is
Hψ = H − ∂ψ/∂n,
where H is the classical mean curvature. A sphere has constant H, and a stationary
hypersurface must have constant Hψ.
If all spheres about the origin are stable, then both H and Hψ are constant for any sphere
about the origin. Thus ∂ψ/∂n = C for some constant C for all points on a sphere about the
origin. For a sphere, n = rˆ, thus we have ∂ψ/∂r = C for a given r. Thus the difference in
ψ between radii r1 and r0 for any given Θ in the unit sphere is:∫ r1
r0
∂ψ
∂r
= γ(r0, r1),
where γ is a two variable function of r0 and r1. Notice this does not vary with Θ. Thus
ψ(r1,Θ) = ψ(r0,Θ) + γ(r0, r1).
Since the density is smooth, as r → 0, ψ(r,Θ0) = ψ(r,Θ1) for all Θ0 and Θ1. So
ψ(r1,Θ) = lim
r→0
ψ(r,Θ) + γ(r, r1).
Since the right side of the equation does not vary with Θ, neither does the left side. Since
this equation holds for all r and Θ, this means ψ does not vary with Θ and thus the density
is radial.
Remark. The above proposition allows us to update the Log Convex Density Conjecture to:
All balls about the origin are isoperimetric in the plane with smooth density if and only if
the density is radial and log-convex.
Proposition 7.3. For log-covex radial density, there can exist isoperimetric regions that are
not balls about the origin.
Proof. Trivially, for constant density, balls anywhere are isoperimetric. For a non-trivial
example, consider density e for r < 1 and er for r ≥ 1. If balls about the origin are not
isoperimetric, then the statement follows directly. If balls about the origin are isoperimetric,
than the ball with radius .5 offset .1 from the origin is also isoperimetric, since it encloses the
same area as the ball about the origin with radius .5, with the same amount of perimeter.
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Lemma 7.4. In the plane with density Ψ(r), the perimeter of the ball about the origin with
radius R is given by P = 2piRΨ(R).
Proof. All points on the perimeter are distance R from the origin; thus the perimeter is
weighted uniformly by Ψ(R). The unweighted perimeter of the circle is 2piR and the lemma
follows trivially.
Lemma 7.5. In the plane with density Ψ(r), the weighted perimeter of a curve parametrized
by x(t) and y(t) is given by
P =
∫ 2pi
0
Ψ
(√
x(t)2 + y(t)2
)√
x′(t)2 + y′(t)2.
Proof. Follows directly from the definition of weighted perimeter and the identity r =√
x2 + y2.
Lemma 7.6. In the plane with density Ψ(r), the weighted perimeter of a ball with radius R
offset a from the origin along the x-axis is given by
P =
∫ 2pi
0
Ψ
(√
x(t)2 + y(t)2
)√
x′(t)2 + y′(t)2,
where x(t) = R cos t+ a, y(t) = R sin t+ a.
Proof. Follows directly from Lemma 7.5 and the formula for a parameterized circle.
Lemma 7.7. The area A of a region S in the plane with density er is equal to
A =
∮
δS
((
1
r2
− 1
r
)
yer
)
dx+
((
1
r
− 1
r2
)
xer
)
dy + 2pi.
Proof. By the divergence theorem,
~F = (1− (1/r))errˆ,
rˆ = (x, y)/r =
(x
r
,
y
r
)
,
nˆds = (dy,−dx).
Thus
rˆ · nˆds = −(y/r)dx+ (x/r)dy,
and
~F ·nˆds =
(
1− 1
r
)
er(−y
r
dx)+
(
1− 1
r
)
er
x
r
dy =
((
1
r2
− 1
r
)
yer
)
dx+
((
1
r
− 1
r2
)
xer
)
dy.
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Proposition 7.8. For the plane with density er, numerical simulations with Mathematica
and Brakke’s Evolver [11] support the Log-Convex Density Conjecture, as shown in Figures
31 and 32.
Proof. The set of off-center balls in the plane with density er are plausible counterexample
candidates for the Log-Convex Density Conjecture. We used Mathematica to calculate the
perimeter P of an off-center ball of radius R and offset a, using the technique given in
Lemma 7.6. Then, we can calculate the area A of the ball by numerically integrating er
over (x− a)2 + y2 < R2. By Lemma 7.4, we can calculate the perimeter P0 of a ball about
the origin with area A. If P − P0 > 0 then a counterexample has been found. Figure 31
shows the Mathematica graphs of P − P0 vs. a for selected values of r. In all cases, no
counterexample was found.
Since Brakke’s Evolver [11] uses vector line integrals for calculating area, we used Lemma
7.7 for area density and a simple scalar integral over the boundary for perimeter density to
get Evolver to work with density er. This allowed us to see what shape different starting
regions evolved to as they moved to lower perimeter. Our results for different starting shapes
and volumes are shown in Figure 32. The ending shapes were all approximately balls about
the origin, with no less perimeter than exact balls about the origin. The Evolver code used
is available in Appendix A.
Remark. Using the same Mathematica process described in the above section, we looked
for counterexamples in densities such as er
1.5
and ekr+c where c was a constant and k was
a positive constant. We also tried piecewise functions where the density is constant for r
up to a certain r0, and then e
kr+c at r > r0. We even tried offset ellipses. In all cases, no
counterexamples were found.
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Figure 29: Conjectured isoperimetric regions of area pi/8 for different area and perimeter
densities. These were obtained after several thousand iterations in Evolver to close in on
a perimeter-minimizing region. On the top-left: perimeter density r and area density r2.
On the top-right: perimeter density r and area density r3. On the bottom-left: perimeter
density r and area density r3/2. On the bottom-right: perimeter density r2 and area density
r3/2.
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Figure 30: Isoperimetric triangles appear to be isosceles for various radial densities. These
regions were obtained for density er
p
after several thousand iterations in Evolver to close in
on a perimeter-minimizing region. Top-left, top-right, bottom-left, bottom-right are p = .5,
p = 1, p = 2, and p = 5 respectively.
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Figure 31: The perimeter difference between the perimeter P of conjectured counterexamples
to the Log-Convex Density Conjecture (off-center balls) and the perimeter P0 of balls about
the origin with the same perimeter. The graph is for radius r = .1, and is of offset vs. P−P0.
Graphs for other radii are very similar.
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Figure 32: Evolver corroborates the Log-Convex Density Conjecture for density er. The final
picture is the final shape after thousands of evolutions towards lower perimeter for all three
of the other images.
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A Appendix
This is the Evolver code used in Proposition 7.8:
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string
space_dimension 2
method_instance line_weight method edge_scalar_integral
scalar_integrand
e^((x^2+y^2)^(1/2))
length_method_name "line_weight"
method_instance area_weight method edge_vector_integral
vector_integrand
q1: ((1/(x^2+y^2))-(1/((x^2+y^2)^(1/2))))*(y)*e^((x^2+y^2)^(1/2))
q2: ((1/((x^2+y^2)^(1/2)))-(1/(x^2+y^2)))*(x)*e^((x^2+y^2)^(1/2))
area_method_name "area_weight"
parameter offset = .5
vertices
1 -.9 -.9-offset
2 -.9 .9-offset
3 .9 .9-offset
4 .9 -.9-offset
5 -1 0 fixed
6 1 0 fixed
7 0 -1 fixed
8 0 1 fixed
edges
1 1 2
2 2 3
3 3 4
4 4 1
5 5 6 color red tension 0 fixed
6 7 8 color red tension 0 fixed
faces
1 1 2 3 4
bodies
1 1 volume 0
The line starting with “scalar integrand” simply tells Evolver to use er perimeter density
when calculating perimeter. The lines starting at “vector integrand” force Evolver to use er
area density using the method described above. We have an offset parameter that we can
easily change that offsets the initial square down from the origin by the specified amount.
Note that since we set the volume to 0, the figure with have volume 2pi, according to our
equation developed above.
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We also wrote a program to generate Evolver code that positions an n-gon approximating
a circle of any radius at any offset. This is a python version of the code:
from math import sin, cos, pi
import sys
volume = float(argv[4])
vertical_offset = float(argv[1])
# Radius of our approximate circle
r = float(argv[2])
# Number of edges in our approximate circle
n = long(argv[3])
# Size (in radians) of the sectors covered by one edge of our approximation
sector_size = 2 * pi / n
print "string"
print "space_dimension 2"
print "method_instance line_weight method edge_scalar_integral"
# Same as e^r
print "scalar_integrand e^((x^2+y^2)^(1/2))"
print "length_method_name \"line_weight\""
print "method_instance area_weight method edge_vector_integral"
print "vector_integrand"
# q1: (1/r^2 - 1/r) * y * e^r
print "q1: ((1/(x^2+y^2))-(1/((x^2+y^2)^(1/2))))*(y)*e^((x^2+y^2)^(1/2))"
# q2: (1/r^2 - 1/r) * x * e^r
print "q2: ((1/((x^2+y^2)^(1/2)))-(1/(x^2+y^2)))*(x)*e^((x^2+y^2)^(1/2))"
print "area_method_name \"area_weight\""
print "parameter offset = .5"
print "vertices"
# The vertices for drawing the axes
print "1 -1 0 fixed"
print "2 1 0 fixed"
print "3 0 -1 fixed"
print "4 0 1 fixed"
# The vertices of our initial circle approximation
for i in range(n):
x = r * cos(i * sector_size)
y = r * sin(i * sector_size) - vertical_offset;
print i+5, x, y
print "edges"
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# The stationary two red lines that are our axes
print "1 1 2 color red tension 0 fixed"
print "2 3 4 color red tension 0 fixed"
# Connect adjacent vertices in our approximation
for i in range(n-1):
# The 4+s are to avoid using the axes vertices
print i+3, 4+n-i, 4+n-(i+1)
# Make sure to connect the first vertex with the last to close the n-gon
print n+2 5 4+n
print "faces"
# To create the face, we need to write all of the edges
face_string = "1"
for i in range(n):
face_string += " " + i+3
print face_string
print "bodies"
print "1 1 volume " + str(volume - (2 * pi))
